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1.051 Structural Engineering Design

Problem Set 2 Solutions

Problem 1

LL =1500 Ib/ft
DL =300 Ib/ft
L =26 ft
h=22in

fy = 60,000 psi
fc = 5,000 psi

(a) Beam design:

Let 6=12ininand d=/A-25=195in

Beam weight: W= (12)(22)% _ 275 Ib/ft
Design load: W, =1.2(300 + 275) + 1.6(1500) = 3090 Ib/ft
2 2
Design moment: M-W, % _ 3090% _ 261.1 kips-ft = 3133 kips-in

Minimum and maximum reinforcement ratios:

5000 - 4000
B, =0.85 _WO'% =0.80
balanced ratio;
£ e 5  0.003
= 0.85h,<~—~“—=(0.85)(0.80) — ————
"o e OBN0BO G005 L8,
= 0.0335
maximum reinforcement ratio
Foex = 0.757, = 0.75(0.0335) = 0.0251
. A e 5 0.003
I+ tivel =0.85p,<~——“ = (0.85)(0.80)——==0.0243
anernanively e 1% e 0004 (8N0B0 55607
minimum reinforcement ratio:
min f f

Y Y

3v5000 , 200
60000 60000
0.0035* 0.0033
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Write the expression for nominal moment capacity and solve for r
M

f
M= = rbd - 059 2)
= 3077 _ L 12)19.512(60)1- 059 29)
0.9 5
solve for » P r = 0.014 Foin <7 < Fnax OK
Reinforcement area: A = rbd = 0.014(12)(19.5) = 3.3 in?

Use 3#10 A = 3(1.27)=3.81in* OK

>l
>

spacer bars

N7

22" 19.5"
3#10
v 2.5"
o
12"

Spacing of bars complies with ACT requirements given in Appendix Table A7 in the
textbook.

(b) Major assumptions

e Strain compatibility assumption - plane sections remain plane
e Tensile strength of concrete is ignored

e Perfect bond between concrete and steel
e Compressive stress-strain behavior of concrete and tensile stress-strain behavior

of steel follows the associated material stress-strain diagrams

If these assumptions did not hold, the analysis of the beam would be highly complex
and would not lend itself to a simple analysis by hand calculations.
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(c) Formation of the first crack

First crack occurs when the maximum tensile stress in concrete reaches the modulus
of rupture 7. of concrete

e =f Tensile stress calculated from elastic theory
ighoring the steel reinforcement
My M: M bh?
_my mx _ Va7 _ M S =
fcf I fcf I 5 ’ 6
ﬁ;““x = ZZZ and £ = \/_ (Textbook Section 2.9.a)
. /72 = 75JFf ® M, = —thf (12)(222)\/500 513,359 Ib-in
2

M - WSL 42780 Ib-ft
® w, = %= 506 Ib/ft

Before crack formation, the neutral axis coincides with the controidal axis of the
section, which can be approximated as at h/2 ignoring the reinforcement. After crack
formation, the neutral axis moves up since the cracked portion of the concrete no
longer contributes to the section stiffness.

(d) Control of cracking

Moment under service loading:

£# _ (275+ 300+ 1500)(26%)
8 8
Under service loading, assume linear stress-strain distribution in concrete and steel.
Elastic modulus of concrete:
E = 57000\/Z= 570005000 = 4,030,509 psi= 4,031 ksi
(Eq. 2.4 in textbook)

m="2 — 175,337 Ib-ft = 2104 kips-in

modular ratio:

=7.2 (Eq. 1.6 in textbook)

From Textbook Section 3.3.b and Figure 3.5

(kdY’

b - nA(d- kd)=0 (Eq. 3.5 in textbook)
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substituting values and solving for 4d
2
12@- (7.2)(3.81)(19.5- 4d)=0

® kd=74in

Ja=4d- k?d— 19.5- 73—4— 17 in (Fig. 3.5 in textbook)
steel stress under service loading:

£ = M _ 2104

* Ajd  (3.81)(17)
compare with the approximate ACI value (10.6.4): 7, = 0.6f, = 36 ksi (close)

the crack width under service loading (textbook section 6.1.b):

= 32.5 ksi

w= 0.076b1.3/d.A (Eq. 6.1 in textbook)
_h_h-kd_ 22-74 _ 1.21 (Fig. 6.1 in textbook)

h d- kd 195- 74

thus  w= (0.076)(1.21)(32.5)3/2.5% _ 117 10°?

maximum crack width = 0.016 in>w OK
Check ACT provisions (Textbook Section 6.3)

Maximum reinforcement center-to-center spacing,

540 69

540 127 236 O
=~ _(25)(25- £ 12§

325 (2.5X ) §32.55

=12in £13.3in ® s £ 12 in (obviously satisfied)

As the variables affecting the crack width are (Textbook sections 6.2.a and b):
o Steel stress under service loading, 7
e Concrete cover distance, d.
e Ratio of distances from tension face and from steel centroid to neutral axis, S
e Concrete area surrounding one bar, A

Thus, decreasing the value of each of these parameters will decrease the crack width.
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Problem 2 (Problem 3.11 in textbook)

b= 24 in
h=14in
d=115n

£ = 4,000 psi

7, = 60,000 psi
A=2#11& 3#10
A = 2#10

d =25

Calculate the nominal and design strengths of the beam

(a) ignore the compression steel

reinforcement areas: A, = 2(1.56)+ 3(1.27)= 6.93 in* , A = 2(1.27)= 2.54 in
A 693

reinforcement ratio: r= v m= 0.0251
balanced reinforcement ratio:
, = O.85b1%eu ‘. - (0.85)2%(”)%%: 0.0285
minimum reinforcement ratio:
"mof £

y y

34000 , 200
60000 60000
0.0032° 0.0033

r. = 00033

maximum reinforcement ratio:
roax = 0.75r, = 0.75(0.0285) = 0.0214

£ e 4 0.003
=08bph, £ — ¥ = -
or e = 089 504 60 0.007
m The beam is overreinforced

(0.85) = 0.0206

y
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Use the procedure in Textbook Section 3.4.g

. E.e, _ (29000)(0.003) _
0.85h,f (0.85)°(4)

kK:+ mrk - mr=0

k? + (30.1)(0.0251)k, - (30.1)(0.0251)= 0

b k =057

c= kd=(057)115)= 6.56 in

tension steel strain:

d-¢_ 5003115056 _ 00226
c 6.56

tension steel stress:
f. = E,e. = (29000)(0.00226) = 65.5 ksi

30.1 (Eq. 3.43 in textbook)

e, = e,

Uhoh! 7. >, which means e, > e, | But of course, afterall, r < r,.

HMM, what to do, what to do?
There are three alternative approaches:

1. Take steel yielding into account in the analysis, perform calculations for an
underreinforced beam, but use ¢=0.65 since it is overreinforced.

2. Release the condition that e, £ e, and £ £ 7, , use the procedure given in Section

3.4.g and assume that the safety is ensured by the low strength reduction factor
$=0.65.

3. Use the net tensile strength concept to calculate the proper ¢ factor, and use this
factor in (1).

Approach 1 gets too conservative for reinforcement ratios closer to r,, thanto r,.
Approach 2 gets nonconservative for high reinforcement ratios, close to r,. Besides it
violates the fundamental material property for steel,i.e. £, = 7, for ¢,* e, . Approach

3 is the best approach since a proper strength reduction factor ¢ is used after a
proper reinforced concrete beam analysis.

Use the underreinforced beam formulation to calculate the nominal moment capacity

since r <r,.
2 ”7?
M, = rf,bd*(1- 0.59—x)
- (0.0251)(60)24)(11.52)1- 0,59 {%-222X60),

= 3718 kips-in
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To calculate the net tensile strain, e, , use either

r = 0.85h, %
1, e, T e
4 0003
0.0251= 0.85° ——~—"> b . = 0.0028
600003 +e¢,
or alternatively
Asf/ d- c
= ————, e, = e,
0.85b,£ b c
(6.93)(60) . 115- 6
= WOZIRO0%) _ g ~ 0.003 = 0.0028
085°(4)24) ~ " @ 6

From Fig. 3.9 in the textbook:

£ = 0483+ 83.3¢,
~ 0.483+ 83.3(0.0028)
- 0.72

Finally calculate the design strength

M, = f M, = 0.72(3718) = 2677 kips-in

(b) Assume compression steel has yielded

£-1
Fmax = 0.0206  (calculated in a)
A 2.54
= __——___=0.0092
bd (24)(11.5)
P = Feae + 7 = 0.0206+ 0.0092 = 0.0298

r=0.0251<7r .| Thebeam is underreinforced

r

Calculate the nominal strength

_(r- r)fd  (0.0251- 0.0092)(60)(11.5) :
77 T085F 0.85(4) 3:23in
3.23

a .
_a_323_3g
"% 08 "

Ol
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M= My+ My = Af(d- d)+ (A- AN(d- 2)

= (2.54)(60)(11.5- 2.5)+ (6.93- 2.54)(60)(11.5- 3'2&)

= 3975 kips-in
Calculate the net tensile strength to determine ¢

d-c_ 0,003—11-53'83-8 — 0.0061> 0.005b f =09

e, = e
t
c

The design strength:
M, =M, = 0.9(3975)= 3578 kips-in

(c) Compression steel not yielded

Verify the compression steel does not yield

_ £d e, .
7, = 0.851)1?7%_ . +r

y y

a2 425 0003
083 40115 0.003- 0.0021

- 0044

r=00251<r, Compression steel does not yield

+ 0.0092

Check

¢ d iy
AN o.oo4)§£ £

(&

_ 29000.0032:2(0.003 + 0.004)}
g 115 |

- 42.9 ksi <f,
7 =+ 5200206+ 00092322 - 00272
£ 60

r=0.0251<r,,  underreinforced beam
From force equilibrium

c+T =T
c-d

“ e
(0.85%)(4)(24)c + (2.54)(29000)(0.003 <" 62'5) — (6.93)(60)

b c=456in, a= b,c= 0.85(4.56)= 3.88 in

0.85b,f bc+ AE.e, = Af, . e.=e
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Compression steel stress

FoFe 9 29000(0.003)%: 39.3 ksi

Nominal moment capacity
M, = 085 ab(d- J)+ Af(d- o)
3.88

- 0.85(4)3 88)(24)11.5- >20)+ (254)39.3)115- 25)
— 3925 kips-in
Net tensile strain
e, = e %€ 0003115- 490 _ 6046<0005p £ <09
c 456

The strength reduction factor from Fig. 3.9 in the textbook:

£ = 0.483+ 83.3c,
— 0.483+ 83.3(0.0046)
- 0.87

The design strength:
M, = f M, = 0.87(3925)= 3415 kips-in

Fall 2003
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Problem 3 (Problem 3.12 in textbook)

L= 20 ft

M, = 5780 kips-in

b=20in
b, =10 in
A =D5in

d=20in
7, = 60 ksi
£ = 4 ksi

Assume a £ A

From force equilibrium

c=T

0.85£ ba= Af,
0.85(4)(20)a = A.(60)
b A =1133a

Moment capacity
Mﬂ = As’j(d- %)

M, a
f—— (1.133a)f,(d - E)

5780

09

(1.1334)(60)(20 - g)

33.994%- 1359.6a+ 6422.2=0
b a=547 in

a> h

Assumption does not hold

a>hb a=h+t

c=T

0.85%£ (bh + b,1)= Af,
0.85(4)[(20)(5) + 10t = A.(60)
b A = 0567t+5.67

10

Fall 2003
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To calculate the moment capacity, take moments of the concrete compression forces
on the flange and the web around the axis of steel. (Note that this is different than
the approach taken in the textbook, which divides the compression area into
overhanging blocks and the rectangular stress block.)

M, = 085£bh(d- )+ 085£b,4(d- - g)

2
_5520 ~ 0.85(4)(20)(5)(20- g)+ 0.85(4)(10)#(20- 5- %)
b #=096in

A - 05671+ 5.67
= 0.567(0.96)+ 5.67
= 6.21in?

Use 4#11, A = 4(156)= 6.24 in?

According to the Appendix Table A.7 in the textbook, only 2#11 can be placed in a
single row for 6= 10 in. Thus, need to use two rows of reinforcement

#3 stirrup 15"

©:0
D

D

10"

Thus, h=20+1+3=241in

WHEW!I!

1




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.5
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [612.000 792.000]
>> setpagedevice


