The Mean Value Theorem

The mean value theorem is a little theoretical, and will allow us to introduce
the idea of integration in a few lectures. Integration is the subject of the second
half of this course. We’ll use the abbreviation “MVT” when discussing it.

Colloquially, the MVT theorem tells you that if you fly 3,000 kilometers in
6 hours, at some time during the flight you will be traveling at a speed of 500
kilometers per hour. (Because your average speed is 500 km/hr.)

The reason it’s called the “mean value theorem” is because the word “mean”
is the same as the word “average”.

In math symbols, it says:

f(b) = f(a)
b

Provided that f is differentiable on a < z < b, and continuous on a < x < b.

= f'(¢) (for some ¢, a < ¢ <)

b) —
Geometric Proof of MV T: Consider the graph of f(x). Here, w

—a
is the slope of a secant line joining the points (a, f(a)) and (b, f(b)), and f'(c)
is the slope of a tangent line. We need to show that somewhere between a and
b there’s a point on the graph (c, f(c)) whose tangent line has the same slope
as that secant line.
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Figure 1: Illustration of the Mean Value Theorem.

Take (dotted) lines parallel to the secant line, as in Fig. 1 and shift them
up from below the graph until one of them first touches the portion of the graph




that lies between a and b. If it does not touch, start with a dotted line above
the graph and move it down until it touches.

When reading a proof, you should always be thinking about why the hy-
potheses are necessary. Would the proof still work if the function were discon-
tinuous or if it were not differentiable?

We need the hypotheses that f is continuous, because if you could sit still
for six hours and then instantly teleport 3,000 km there would never be a time
at which you were traveling 500 km/hour. The mean value theorem can’t make
any guarantees about discontinuous functions.

What if the function isn’t differentiable? Suppose f(x) = |z|. Then the
dotted line always touches the graph first at x = 0, no matter what its slope is
(see Fig. 2). Even though f is differentiable everywhere except 2 = 0, the mean
value theorem still doesn’t work here; we need f’(x) to exist at all  between a
and b.

Figure 2: Graph of y = |z| with secant line. (One bad point ruins the proof.)

Question: What if the line parallel to the secant line touches the graph in
more than one point?

Answer: The more the merrier! The graph could wiggle a lot of times and
the line could touch in ten places, or f could be constant and the line could touch
every point on the graph at once. In mathematics, when we claim something is
true for one point we don’t necessarily mean that it isn’t true for others.

The fact that this point exists is a touchy point; we can see why it ought to
exist but we didn’t really prove that it does. The formal proof has to do with



the existence of tangent lines and uses more analysis then we can do in this
class.
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