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This paper works from the Results of the IAP lecture “Financial Derivatives,” and the associated appendix
“Pricing Risky Options with Nearly Contimuous Hedging,” by Martin Bazant. The Lecture and Appendix
may be found online at hitp://www-math.mit.edu/ bazant/teach/IAPO0-finance.

The paper is divided into 3 sections. The first section checks the calculations of the Appendix, the second
makes an extension to the case of a unique rigk-free interest rate, and the third considers the case of lognormal
price dynamics.

1 Check of the Results of the Appendix

This section carries out all the steps of the calculations for the results of the Appendix. We start by re-stating
Eq. (7),

(1) w(z,t) =< w > +¢*(z— < 2 >)

This equation is a statement of the dynamic hedging strategy used to minimize the quadratic risk of the
hedged portfolio. Written out with full notation, we have

w(x,t) = /w(m',t + 8t)p(z',t + 6t|z, t)dz’
(2)
+ @ {z,1) (9: - fm'p(a:',t+ 5tm,t)d9:')

Note that the arguments {x,¢) of ¢* must match the arguments of w on the left-hand side, since the amount
¢* is chosen at time £, to hedge price movements at the later time £ + 4.

Next using the “Markov” relation for the transition probability p, stated as Eq. (1) of the Appendix,
we have

wiz,t) = /w(m + dx, t + ot)p(dx, &t)d(dx)
(3)
+ 6% (a1 (a: - f (z + 82)p(dx, 5t)d(6a:))

where dx — z' —z, dz' = d(éz), and the (80 far unstated) limits of integration remain unchanged at (—>c, oc).
We also note that « is a constant in the integrals of (3), since it represents the price at time £, We use
this to write

(4) w(mz, t) = fw(:c +dz,t + 6t)p(dz, t)d(éx) — ¢* (z, ) (udt)
This equation is the full statement of the final step of Eq. (7) from the Appendix.

In considering Eq. (4), we first write out ¢* in a different form from the Appendix. The formula there is
stated as
_<rw > —<zr>{w>

5 i %
(5) 4 <ax? > — <>

where again we note that all expectation are taken over the price at the future time ¢ + §¢, given that the
price is x at time . We use manipulations similar to those used to obtain Eq. (4) to write

(6) d)*_<5mw>—<5ﬂ:><w>
T Var(dz)
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To simplify (6), we first change the statement of the moments from the Appendix. Egs. (4)-(6} there state
the form of the de-meaned moments,

< dx > = pdt
< (8z — pot)* > = o*5t
< (8 — pdt)® > = o*Ag8%/2
< (8z — pdt)* > = ot (A + 3)683

The moments without de-meaning are given by

< b > = pdt
< d2* > = a8t + pPot?
< 82® > = a®X368%2 4 3po?er® + uiat
< fxt > = ot (M 4 3)68% + 4po® A 6t¥% + 64202 68° + piatt

We combine terms in the numerator, and use these refined moments, to write out ¢* in its full form as

(9) *(x, t) = % [f(&r — pot)w(x + dz,t + 5t)p{dzx, §t)d{dx)

We next approximate ¢* to O{dt) as follows. We write out the Taylor expansion for v,

w(x + dz,t + 6t) = w

w Sw
—4 —at
o) T T o
10 1 8% 182w _, O*w
= da? + ——6t> dadt
T3 et T et
1Pw_ 5, 18w 5 1 Fw o 1 Pw _ .
tea2 T T 3o’ t 25e

where all termsg on the left-hand side are evaluated at (z,t). We replace w by this expansion in {9), and
integrate term by term, to obtain

ow
+ a (0'2(_%‘)

+0
8271} (0’3>\3

(11) i 2
+0

Pw ;59
+ F261 (o ot )

8w 0'4()\4 +3} 0
+ O (Ft e
+ O(5>/%)]

532 4 ,ua25t2)
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We group by order-d¢, which gives the expression

5@ =5
[ (2
(12) - o )[ 2 (3172
&w Fw o2 +3) [P
Hét}["’(w)*amaﬁ 6 (89:3)]

+ 0532
This equation corresponds to Eq. (9) from the Appendix. The expressions differ in the Q{t) term.

Eq. (12} gives an expression which may be substituted into the dynamic hedging equation (4) to get an
O(4t?) approximation for the second term there. We next carry out a similar procedure for the first term in
(4), that is, the expectation of w. This time we keep terms to order 6t2. The result is

fw(:c + b6z, t + &t)p(dx, dt)d{dx)

—w
2 02
(13) e [”%: ?9—? v %%]
+ (5t)3/ [aﬁ,\g %]
+ (@17 [%22115 * %%2;; H g;;)t * ”%'2225 + %zai?;t * 04()\;; 2 g:f
+ 0(5t%'%)

We combine the approximations (12) and (13) to re-write the dynamic hedging equation {4). The resuls is
0= [(9w o? Bzw]

50 T 2 oa?

NTRYEN aihs Bw  pod; Bw
(14) 6 Oz’ 2 ga2
2 52 2 2 53 4 1 2y 53
10w ot Pw gt + 3w petA FPw
+ (1) [_ 79 208 T 7 5ton YR R e

+ O(8t32)

Eq. (14) expresses the Black-Scholes equation plus corrections to 0{d¢), for models whose dynamics may be
described by the moments in (7) and (8), and a zero interest rate. We next replace all time derivatives at
((dt) by spatial derivatives, by the following two-step procedure. We first combine two of the terms:

18%°w  o? 8w 18%w 8 [6w o 8w
A — -z TNEE L T2 o
(15) 2o T2 aza 2oe Twm|at Tz o T )]
_ L8 o
20
We next approximate the right-hand side of (15} similarly,
Sw o? Pw 1/2
o~ zae o)
1 8w o? 9 Ow /2
1o DR W T
ot §*w L
= —— /2
S + 00t
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The terms at G(5¢1/2) in (15) and (16) enter only at O(5#3/2) in the hedging equation {14), thus allowing
for the simplified form
0 |8 4 o? §*w

ot 2 Oz

3 93 2
/oy [ 0w po 0w
+ (edt) [ 6 a3 2 gz
. ot Prw  po? dPw 12 8P

+ %) [M (ﬂa? - T%) ~7 ]

+ 06372

dz2

Eq. (17) nearly presents a form where the size of each new order-ét correction term depends on the next
highest cumulant of dz. An alternate form is to group by w-derivative,

0= |
(18) N ?911: :036)\3 51172 _ MJ;M &]
5 e
+ 0(51%/?)

2 Nonzero, Unique Risk-Free Interest Rate

The Appendix and Section (1) were worked out in the absence of interest-rate effects. This section extends
the previous formulations to include & nonzero, unique risk-free interest rate.

1t is an oversimplification, but a useful first approximation, to assume a unique risk-free rate r. Such a rate
wag derived by Black and Scholes, since by their model it was possible to completely hedge away all risk,
and thereby create a riskless investment. If it is in general impossible to eliminate all risk, as assumed here,
then the rate for borrowers and lenders should differ. The resulting consequences remain for future work.

Re-stating the dynamic hedging equation (2), we have
w(z,t) — d*{z, f)x

(19 = [wtal ok st v+ ot s’ = 8,0 [ a'pta' 0+ il

This equation states that the current value of the hedge portfolio should be equal to its expected value one
time step in the future. In the presence of an interest rate r, the net value of the hedge portfolio must be
horrowed, and the resulting liability must earn interest. With this modification, we have

" (w(z, 1) — 9" (2, t)z)

20
(20) = fw(m’,t+5t)p(o;',t+5t\x,t)dm' — ¢*(x,1) [:E’p(m',t+6t|a:,t)dm'

Re-arranging terms, and again using the Markov relation for the transition probability p, leads to

= "ot T, it)p(éx, d ir
o wiz,t) = e fw(:c+5 &+ Gt)p(Sz, 6)d(5)

+ d}*(a:,t) [1}(1 _ efrét) _ Gfrétpéﬂ
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Note that this expression reduces to Eq. (4) from Section {1) in the case r = 0. Also note that ¢* remains
unchanged from Section (1). ¢* ig still chogen to minimize the variance of the hedged portfolio, as detailed
in Section 4 of the Lecture. Hence we still uge Fq. (12) to approximate ¢* to O(dt).

We also retain Eq. (13) to approximate the expectation for w, but now we multiply in the exponential for
the risk-free growth rate. Since we wish to approximate this term to O(6t?), we use the relation

2

(22) ¢ 1 — 7 6t 4 %&2
We multiply (22) into the relation (13) for w, and group terms by order-6¢, to obtain

g ot [w(m + bz, t + ot)pldz, &t)d{dx)

= u!
dw Ow ¢ dw
+ (5t) [ﬂa + E + ?w - '?“?.U:|

3 3
3/2y | & A M
(23) + (ot )[—6 &,gg]
o [ Pw | 107w Fw  petFw o Fuw oA +3) 0w
+ (6t )[2 522 T2 02 TFoami T 2 0 T 2020t 24 9t

. Ow Ow o HFw -
—(rét?) | p—t —+ —— — =
(rdt") [”aa: Tt 2 2”’]
+O(5857%)
We leave the O{dt%) terms split out, because of a simplification that will be made later.

At the gecond step, we again usge the approximate relation (22) for the exponential, along with (12) for ¢*,
to approximate the second term of the hedging equation (21) to O(4t?).

¢ (,0) [2(1 — ¢ ") — ¢ "0 (udt)]

— 60 | - 5]

32y [ (rz = p)ods 8w
(24) +(563/2) [ e
5 &w Fw  (rz—p)e(dh +3) Pw riz dw
+ ) [(” Wiy T T Mg T 6 927 T ( ?) a]

+ O(665%)
We next substitute {23) and (24) into the hedging equation (21). After some manipulations, we have

o [, 00 PP
| T T2 e Y
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We gimplify the O(dt) terms, using a procedure similar to that used at the end of Section (1). We write out
the relation

bw bw ot BPw o1/
(26) E = r — I"Zl‘,a - ?8_352- + O(Ot )

We use this to make the substitutions

. redw  Ow o*&Pw v r? rx fw 3/2
(2r) (—r&t) 7@ a -+ ?8_$2_ — 5’“)] = (5t) l:—?’tb + 5 (T?;:l +O(6t )
By, Bu 0 P (2
2522 ozar T 2 et U\ 2

o (i

dr 2

2w ro?  pix?
(28] =\ T 2 )

Using these substitutions, we re-write (25) as

0 @_‘_0_282&'_?%_‘_ dw
RN 2 fx2 ey

3 53 2
172 7 0w (ra — p)o 07w
(29) + ) [6 057" 2 o
oy 0w {rz —pio? FPu LBy ﬁ _ @) Fw
- [M (ﬂ o) (g T )
+ 058372

Importantly, we note that (29) reduces to Eq. (17) from Section (1), if » = 0. Once again, we nearly have
an expression where the correction term at each higher order of 6t depends on the next highest comulant of
dxr. We show (29) with terms grouped by w-derivative,

[810 8w]
0= |— —rw+rz—

ot Oz
o [ oo () (=)=
(30) + % [&1/2 (%) + 8t (—02)‘4(? — “))]
Sl ()
+ 0883
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