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Problem 1. For the position operator x and the momentum operator p (corresponding

to —ihi), show that [z, p| = ih.
oz

Solution:

For any function f(z), we have

[z, plf(z) = xpf(z) — paf(z)

0 0
=z flz) —%(xf(x»

L 0 L, 0 :
= —zhxaf(x) + th%(f(m)) + ihf(z)
= ihf(z)

[, p] = ih.

Problem 2. Verify the following equalities:

(@) [a,0"] =1
(b) [a,a'a] = a
(c) [a',a'a] = —al
(d) H = hw(a'a +1/2)
where
1 :
0= (wz + ip)
and
H = %(102 + w?z?).
Solution:

1
T - . _ .
(@) [a,a'] = T [wz + ip,wz — ip]

1

= 52— (w*le,2] + [p, p] — iwlz, p] + iwlp,2])



1 o . :
= %(—zw(zh) + iw(—1ih))

=1.

(b) [a,a'a) = aa’a — alaa
= (aa' —ala)a
= [a,a']a
=a.

(c) [a',a'a]=a'(a'a — aa’)

= —G/T

(d) hw(a'a +1/2)=

_ 1
Wl 5 (wa:—zp)(wx+zp)+§]
:<wx + p? + iwlz, p] + hw) /2
zé(p2+w2x2)
=H.

Problem 3. For h = w =1, verify a|0) = 0, where
|0>:fefz2/2l$>dx.

Solution:

al0) = J;T(wx—i—zp)f /2 1y dy

\/Wf wze T/2+z( zh)a6 21y do
:2—hf (w—h)ze ™ 21 nyds

N 2hw
=0

Problem 4. Verify
alny = vn|n—1)

and
a'iny =vn+1|n+1)
where
_ (al)
In)y = Wl(»

Also, show that In) is an eigenstate of H with energy (eigenvalue) fiw(n +1/2).



Solution:

(ah)"
Y 0

_Jnrie)

atiny=a

CLT n—1
= (1+ a'a) \/1% ((n)— 01 0)

=(n—1+aan-1)/vn
but, by induction, we have

ddan—-1)=vn—1a' n—2y=(n—-1)n-1
=
an=~nn-—1).
Similarly,
Hin) = hw(a'a +1/2)In)
= hw(n +1/2)In).

Problem 5. Show that [C,D] = [C,H]| = [D,H] = 0, where

C =uw(la+o,/2),
D =k(a'o. +ao,)—(Aw/2)o,
and
=h(C+D+w/2).
(Remember that o, = (0 +i0y)/2, or equivalently o, = |0)(1| and o_ = [1)(0].)

Solution:

We have

[a'a,0,]=0
o, = ([0)0[=[)(AP[0) (1] =[0)(1| = o,
[0) I 0) (0] = 1)(1]) = =|0){1] = —o.

+



o, =10 (0)(0 — 1)(1) = 1)(0 =0o_
o, =4M®—¢M)D@=—wm:—¢

=

[C.D] = [w(a'a +0,/2),k(a'0_ +ac,)— (Aw/2)0 ]

— wilala.al f Wt wh

= wkla'a,a'|® o_ + wkla'a,a]® o, + 5 @ ®lo,,0 ]+ o a®[o,0,]
:wmaT@)J_—wﬁa®a+—wKaT®o_+wma®a+

=0.

C,H]=[C,MC +D+w/2)]=n(C,C]+[C,D]+[C,wl /2])=0
[D,H]|=[D,h(C + D+ w/2)] = kh([D,C]+[D,D] + [D,wl /2]) =0

Problem 6. Find the cluster state for a square. In other words, find the state ) such
that
030707 V) = 03050y V) = o%ogo] ¥) = ojogo] ¥) = ¥)

where the super indices A, B, C, and D are associated with the vertices of the square.

Solution:

A general eigenstate ) with eigenvalue 1 for 0';}0’50‘? is as follows:

1/}>_ & +>A 0>B 0>c 0>D T +>A O>B 1>0 O>D +
Q; +>A 1>B 0>C 1>D +a, +>A 1>B 1>(‘ 1>D +
Qs _>A 0>B O>c 1>D +ag _>A O>B 1>c 1>D +
Qq _>A 1>B 0>c 0>D +ag _>A 1>B 1>C 0>D
where Zfz o, * =1. In order to satisfy the second equation stated in the problem, we
have
UZUXU; 77D> _>A 1>B 0>0 0>D % _>A 1>B 1>c O>D +
ay _>A O>B 0>0 1>D —Q >A 0>B 1>€ 1>D +
Qs +>A 1>B 0>C 1>D % +> 1>B 1>(‘ 1>D +
Q; +>A O>B 0>c 0), —as +>A 0)s 1o 02y
= ¢>
=
a =, = o,,Q a,,Q —

1 Sy T B &y T TRy T 6



Similarly, by applying the other two operators we get:

QG =0, =0 =Q, = Q; = —0; = & = —0,

which after normalization results in the following cluster state:

)=, + 4 O ) O, +, +, 1), 4 1,



