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Terminology and Review

Random Variables: Discrete, Continuous, Mixed

® Discrete Random Variable (outcomes countable)

® Counter-party default (1=default/0=no default)
FOMC Decision on Fed Funds Rate
Indicator of Black-Swan event within next 3 months
Side ("buy” or "sell") of next market order AAPL stock
Share-size of next market order for AAPL stock

® Continuous Random Variable

® Asset value (stock, currency, future, bond, ...)

® Waiting time to next market order for AAPL stock
® Mixed (continuous and discrete) Variable

® Value of a stock in 6 months which may go
bankrupt (Value=0)
private (Value = net buyout price)
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Terminology and Review

Probability model for a random variable X

® Sample space of X
X = {all possible outcomes X = x}

® Probability mass function for discrete X: fx(x)
fx(x) = P(X =x), forall x e X
d K= P(X=x)=1
xeX xeX
® Probability density function for continuous X: fx(x)
When X C R = (—o0, +00).
P(X € [x,x + dx]) = fx(x)dx

/XEX fe(x)dx = /+oo fe(x)dx = 1

—0o0
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Terminology and Review

Cumulative Distribution Function
Fx(x)=P(X <x),xe X CR.
® For discrete X:
Fx(x) = Z fx (x')
x'<x

® For continuous X: N

Fx(x) :/ fe(u)du

Event and Event Probability : AC X, P(A) = P(X € A)
® For discrete X:
P(A)=P(X € A)=> fx(x)
xEA
® For continuous X:

P(A) = P(X € A) = / fx(x)de
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Terminology and Review
Expectations/Moments/Skewness/Kurtosis
® The expectation/mean/first-moment of random variable X
xfx(x)dx ,if X continuous
p=E[X]=
fox(x) ,if X discrete
X
¢ The k-th moment of random variable X (k =1,2,...)
xKfx(x)dx ,if X continuous
my = E[X¥] =
Zx" fx(x) ,if X discrete

® The variance of a random variable
var(X) = E([X — E(X)]?) = E(X?) — [E(X)]? = m2 — m}
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Terminology and Review

Standard Deviation
o =/var(X) = /my — m? same (!) units as X
Skewness

5 = E[(X — p]/o® = E[(X2£)2]. (no units!)
® v =0: X is symmetric about p
® ~ > 0: X has positive skew (Long right tail)

high probability of large positive values
® v < 0: X has negative skew (Long left tail)

high probability of large negative values
Kurtosis
k= E[(X — u)*]/o* = E[(*3£)*] (no units!)

k > 3 <= fat-tailed (relative to Gaussian)
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Normal/Gaussian Distribution

Definition. A Normal (Gaussian) random variable X ~ N(u, o?)

has density function:
1

f(x)= e_%(xjfu)z, —00 < X < +00.
oV 2w
with mean and variance parameters:
p = E[X] = [T xF(x)dx

o? = E[(X—p? = [TZ(x— p)?F(x)dx
Note: —oo < u1 < 400, and 02 > 0.
Properties:

® Density function is symmetric about x = u.

f(p+x*) = f(pn — x*). (zero skewness v = 0)
e f(x) is a maximum at x = p.
e f'(x)=0atx=p+ocandx=p—o

(inflection points of bell curve)
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Standard Normal (mean=0, sd=1)
Probability Density Function: f(x)
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Standard Normal Model

Standard Normal (mean=0,sd=1)
P(-1<X<+1)=0.6827
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Standard Normal Model

Standard Normal (mean=0,sd=1)
P(-2<X<+2)=0.9545
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Standard Normal Model

Standard Normal (mean=0,sd=1)
P(-3<X<+3)=0.9973
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Lognormal Distribution

Definition
® Random variable Y has the lognormal(j,o?) distribution if
x = log(Y) has a N(u,o?) distribution.
® Equivalently, suppose random variable X has distribution
N(u, %) with mean p and variance o2.
Define random variable Y by transforming X
Y =X
Then the distribution of Y is lognormal(y, o?).
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Change-of-Variables Theorem

Transforming a Random Variable
Suppose that X is a continuous real-valued random variable.
® Let g: R — R be a continuous, differentiable monotone
increasing function, and define the random variable Y as
Y =g(X)
® et h: R — R denote the inverse function of g, also
continuous, with derivative h'(y) = diyh(y)
X = h(Y)

Eg.y=g(x)=e"and h(y) = In(y) = g *(y) = x
Theorem (Change-of-Variables). If Fx(x) is the cumulative
distribution function of X then

Fy(y) = Fx(h(y))
If fx(x) is the probability density function of X then
fy(y) = f(h(y))H'(y)
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Lognormal Distribution Let Y be a lognormal(u, o?)
distribution. Then X = In'Y is Normal(ju,o?)

® The probability density function of Y is

fr(y) = S£P(Y <y)=2P(nY <Iny)
= [ix(iny)] 5 (ny)
Iy =)
= e 202 X =, y>0
o\ 27 y Y
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Lognormal Model

Lognormal Distribution
(meanlog=0.20,sdlog=0.40)
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Properties of Expected Value
Call Option Payoff:
® QOption to Buy asset at time T at
Strike Price: K
e X: price of asset at time T
e Payoff: C = (X — K)" = max(0,X — K)

Theorem: Let f(x) be the probability density of X,
F(x) = J*__ f(t)dt be the cumulative distribution function. If K is
a constant and X has finite variance, then

El(X — K)T] = [i& (J° f(t)dt) dx = [Z°[1 — F(x)]dx.

Proof:
E[(X — K)']

f;;o(x — K)f(x)dx
= limy_oo f}y(x — K)f(x)dx
Integrate by parts:
u = x—K v = —[1-F(x)]
du = dx dv = f(x)dx
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Properties of Expected Value

Corollary 1: If X is a normal random variable with mean y and
standard deviation o, and K is a constant, then

E[(X = K)"] = (n— K)®(“55) + 5=
where ®(x) is the cumulative dlstrlbutlon function of the standard
normal distribution (mean 0, standard deviation 1).

(K—p)?

e 202

Corollary 2: If X is a log-normal(y, o) random variable and K is a
constant, then
E[(X — K)+] — eu+02/2¢(#*clrnK +o)— KCD(“*C'I”K)
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Moment-Generating Function:
Definition/ Theory

Definition: The moment-generating function of a random
oo

variable X : Mx(t) = E[eX] = —my

k=0
Theorem: Let X be a random variable with moment-generating

function Mx(t) and cumulative distribution function Fx(x).

@ If Y is a a random variable satisfying My (t) = Mx(t) for all
t, then X and Y have identical distributions, i.e., the
cumulative distribution functions are the same.

@ Let X1, X5, ..., X, be a sequence of random variables such
that

lim MX,-(t) = Mx(t)
1—00
for all t. Then X; converges to X in distribution, i.e.,
lim Fx.(x) = Fx(x), for all real x.
1—00
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Moment Generating Functions (MGFs)

Normal Distribution: For X ~ N(u,0?)
Mx(t) = E[etX] _ pht+a?t?)2
® Special case: standard normal Z ~ N(u = 0,02 = 1)
Mx(t) = E[et?] = e2?’
MGF of a Linear Transformation
e Random variable X has mgf Mx(t).
e Define Y = u+ (0 x X), for constants p, o

® The MGF of Y is
My(t) = E[etY]
— etuE[etGX]
2
= etMMx(to) = ettt

(Note: compute moments of Lognormal Distribution using Normal MGF)
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More on Moments

Find the skewness of a lognormal(yt, o?) random variable.

Show that Kurtosis k = +3 for a Normal(y, 0?)
distribution.
Definition: A random variable X is leptokurtic if x > 3.

Linear Transformations:
Consider a random variable X with mean z and variance o?.
The linear transformation of X: Y = a+ bX (constants a and b)

e E[Y]=a+ bE[X]=a+ bpu
® Var[Y] = b?Var[X] = b2

If the skewness of X is 7, what is the skewness of Y7
If the kurtosis of X is x, what is the kurtosis of Y7
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Probability Concepts for Several Random
Variables

Independent Random Variables / Events
® Two random variables
X (with sample space X and pmf/density fx(x) )
Y (with sample space ) and pmf/density fy(y) )
® X and Y are independent if
P{X e Afn{Y € B}) = P{X € A}) x P({Y € B})
foral AC X and all BC Y
e If X and Y are independent, then the density/pmf function of
the joint distribution of (X, Y) is
fx,v (x,y) = fx(x)fr(y)
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Covariance and Correlation

Definitions

® The covariance of two random variables X and Y is
cov(X,Y) = E[(X — E[X])(Y — E[Y])]
Note: cov(X, X) = var(X).
® The correlation of two random variables X and Y is
cov(X,Y
cor(X,Y) =
var(X)var(Y)
Note: If X and Y are independent, then
cov(X,Y) =0 and cor(X,Y)=0..
(If cor(X,Y) =0, then X and Y may not be independent!)
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Random Vectors and Covariance Matrices

® Random variables: Xi, Xo, ..., X, with
M = E[)<J]’J: 1,...,[7
Ojj = COV(X,',XJ'), i,j: 1,...,n

® Random vector, mean vector
X1 H1

X=1|: [LEXlI=]| : | =4

Xn Hn

¢ Covariance matrix X = ||o;j|| with o;; = cov(X;, X;)
T = cov(X) = E[(X — E[X])(X — E[X])"]

(nxn)

® For 3= [a1,a2,...,a,)" (constant vector) define

Y:ETX:a1X1+agX2+---+aan
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Random Vectors and Covariance Matrices

(continued)
e E[Y]=E[i"X|=3TEX] =3}

3T [cov(X)]3

i'y3

i Zj 2idj0ij

= Z atvar(X;) + 2 Z ajajcov(X;, Xj)

i<j

o var(Y) = E[(Y - E[Y])]
= E[@X -3 ji)]
= E[@(X -]
= E[3T[(X - DI[(X i)
= FTE((X - DX~ )]T]3
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Principal Components Analysis (PCA)

® An m-—variate random variable:
X1
x=| 1 |,with E[x] =a € R™, and Cov[x] = X (mxm)
Xm
¢ Eigenvalues/eigenvectors of X:
® A\ >X > > Ap > 0: meigenvalues.

® Yi,Y2s--3Ym: M orthonormal eigenvectors:
Xy, = N7v;, i=1,....m
7:’7i = 1, Vi
Yoy = 0, Vil

* X =3" A
® Principal Component Variables:
pi=v(x—a), i=1,...,m
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Principal Components Analysis

Principal Components in Vector/Matrix Form
e m—Variate x: E[x]=a, Cov[x] =X
® ¥ = IAl’, where
A

A
rr

diag(A1, A2, ..., Am)
[Y1:72: oo Yl

Im

P1
*p= [ } ] = r’(X — a), m—Variate PC variables

Elp] = E[M(x—a)]=TE[(x— E[x])] =0n
Covlp] = Cov[l'(x —a)] = I"Cov[x|l

FEr=r'(raryr =A
® p is a vector of zero-mean, uncorrelated random variables that
provides an orthogonal basis for x.
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Principal Components Analysis

m—Variate x in Principal Components Form

Xm

X1
o x— [ : ] = a+ I'p, where E[p] = 01, Cov[p] = A

e Partition ' = [[1T3] where I'; corresponds to the K (< m)
largest eigenvalues of X.

® Partition p = [ P1 ] where p; contains the first K elements.
2

e x=a-+lp+Mp,=a+Bf+e€

where
B =T (m x K)
f = p; (K x 1)
e = Iapy (mx

Like factor model except Cov[e] = MNaA2l%, where A, is diagonal matrix of last

(m — K) eigenvalues.
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Empirical Principal Components Analysis

The principal components analysis of
X:[Xli XT] (mxT)
consists of the following computational steps:

e Component/row means : x=(1)X1r
® ‘De-meaned’ matrix: X*=X-x17
® Sample covariance matrix: 3, = FXH(X*
¢ Eigenvalue/vector decomposition: 3 = FAF

yielding estimates of I and A.

Sample Principal Components:

P:[pl: :pT]:f/X*.(mXT)
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Empirical Principal Components Analysis

PCA Using Singular Value Decomposition
Consider the Singular Value Decomposition (SVD) of the
de-meaned matrix:
X* =VvDU’

where

® V: (mx m) orthogonal matrix, VV' = I,,.

® U: (mx T) row-orthonormal matrix, UV’ = I,,,.

® D: (mx m) diagonal matrix, D = diag(di,...,dm)

with dy > dr > --- > 0.

Exercise: Show that

.f:v
e P={'X"=DU

30/37



Alternate Definition of PC Variables

Given the m—variate x : E[x] = a and Cov[x] = X
® Define the First Principal Component Variable as
p1=Wx = (wix) + woxz + - + WnXm)
where the coefficients w= (wy, wp, ..., wp)" are chosen to
maximize: Var(p1) = w'X,w
subject to: |w|?>=Y"T w?=1.
® Define the Second Principal Component Variable as
p2 = Vx = (vixg + voxo + -+ + VnXm)
where the coefficients v= (v1, vo, ..., vp) are chosen to
maximize: Var(py) = v'E,v
subject to: |v[? =", v? =1, and v'w = 0.
® Etc., defining up to p,, The coefficient vectors are given by
Wivie ] =[] =T
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Principal Components Analysis

Further Details

® PCA provides a decomposition of the Total Variance:
Total Variance (x) = .7, Var(x;) = trace(Zy)
= trace(FAT") = trace(AI'T) = trace(N)
= Y1k
= S, Var(pi)
= Total Variance (p)
® The transformation from x to p is a change in coordinate
system which shifts the origin to the mean/expectation
E[x] = « and rotates the coordinate axes to align with the
Principal Component Variables. Distance in the space is
preserved (due to orthogonality of the rotation).
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Chi-Square Distributions

Definition. If Z ~ N(0,1) (Standard Normal r.v.) then
U= 2%~ x3,

has a Chi-Squared distribution with 1 degree of freedom.

Properties:
® The density function of U is:
fulu) = L\/;—fe*”/z, 0<u<oo
® Recall the density of a Gamma(a, A) distribution:
g(x) = gayx* e, x >0,
So U is Gamma(a, A) with « =1/2 and A =1/2.
® Moment generating function
My(t) = E[etV] = [1 — t/\] @ = (1 — 2t)~1/2
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Chi-Square Distributions

Definition. If Z1, Z>,...,Z, are i.i.d. N(0,1) random variables
V =Z2+ Z2+...2Z?2 has a x2 distribution
Properties

e A Chi-Square r.v. V (n degrees of freedom) equals
V=U+U+ - +U,
where Uy, ..., U, arei.i.d X% r.v.
® Moment generating function
My (£) = E[et] = Efef(Uhtte+ U]
= E[etY]... E[etUr] = (1 —2t)~"/?
® Because U; are i.i.d. Gamma(a =1/2,\=1/2) r.v.;s
V ~ Gamma(a = n/2, A =1/2).
B 1
~2n/21(n/2)
(« is the shape parameter and )\ is the scale parameter)

¢ Density function: f(v) v(n/2)=1e=v/2 1y >,
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Student’s t Distribution and Fisher's F

Distribution
Definition. For independent r.v.'s Z and U where
e Z~ N(0,1)
° U~ x?

the distribution of T = Z/,/U/r is the
t distribution with r degrees of freedom.
Definition. For independent r.v.'s U and V where
® U~ x2 and V ~ 2
U/m
V/n
F distribution with m and n degrees of freedom.
(notation F ~ Fp, )
Properties
® E[F]=E[U/m] x E[n/V]=1xnx L5 = -1 (for n > 2).
® If T ~t, then T? ~ Fir.

the distribution of F = is the
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Law of Large Numbers

Theorem (Weak Law of Large Numbers - WLLN).
Suppose X1, Xo,...,X,,... are i.i.d.
(independent and identically distributed)
with E[X;] = p and var(X;) = o2.
Define X, = %(Xl + -+ Xp).
Then X, o, W, i.e., forany e >0
n||_)l‘T;o P(|X — | > €) =0.

Proof: Apply Chebycheff's Inequality
* var(X,) = "—nz

® 2P(|X, — | > €) < var(Xy)
. :>P(|)_(,,—u|>e)§‘€’—22%—>0
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Central Limit Theorem

Theorem (Central Limit Theorem). Let X, Xa,... be i.i.d.
random variables with

E[X;] = 0 and var[X;] = 02, and MGF M(t) = E[e*]
Then the sequence of random variables Z,, = % ST Xi

converges in distribution to the normal distribution N(0, o2).
Proof: Evaluate the MGF of Z,:

Mz, (1) = Ele®] = E[eVia)
= 10 E[ev™]
=TI M(5) = M)
Apply Taylor Series to the MGF of X:
ML) = 1+EXI(5) + L5+ 0((5))
_ 1+Ut/2+o(t2)
= Mz,(t) = [M(5)]"—~ e? t/2 the MGF of N(0,0?)
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